be a fixed pythagorean angle. We study the abelian group H  of primitive integral triangles   , , a b c for which the angle opposite side c is  . Addition in H  is defined by adding the angles  opposite side b and modding out by π- . The only H  for which the structure is known is π 2 H , which is free abelian. We prove that for general  , H  has an element of order two iff   cos 2 1
H , which is free abelian. We prove that for general  , H  has an element of order two iff   
aA bB aB bA cC aA bB aB bA bB aA cC aA bB
i.e. when 0 aA bB   , since this no longer corresponds to a pythagorean triple with positive coordinates. To fix this, we mod out the angle by π 2 ; this is why we have the two cases in the definition of the group operation above.
This group has been the subject of much interest over the years. In [3] , Jean Mariani studies the group of homogeneous linear transformations with integral coefficients that preserve the triangles above as a set. In [4] , Barbara Margolius uses a sequence of pythagorean triples derived from the group law above to prove that where we reduce the answer by a common factor if necessary to obtain a primitive triple. The group has identity ; the inverse of
, , b a c The construction arises from the famous identity on sums of squares:
case of Hilbert's seventh problem. This identity, of course, corresponds to the rule z w zw  for complex numbers, and the group law on pythagorean triples has a similar geometric motivation: we identify the triangle with the complex number , and the group operation is then just complex multiplication.
 , , a b c
Eckert's main result in [2] is that this group is free abelian, that is, isomorphic to a direct sum of copies of the integers. The sum is indexed by the triangles   
As before, we stipulate that we will scale the answer by a common factor if necessary to obtain a primitive integral triangle. Eckert and Vestergaard prove that this construction again gives us a group, still with identity and with the inverse of being . Note that the original group considered in [2] is just the special case ,1
We illustrate Theorem 1 with some quick examples:
, we have   2 1 cos 2    , and as shown in [2] , has no point of order two.
2) For π 3   , we have , and
and H  contains the point (2, 2, 3) of order two.
H , whose structure we know completely.
Eckert and Vestergaard ask a number of interesting questions about the structure of in general. They torsion elements, that is, elements such that for some , but they do not give details. In this paper, we pursue the study of torsion elements in
Our main results give necessary and sufficient conditions on  for H  to have two-torsion and threetorsion. From these theorems, it will be easy to see that the set of values of  for which H  has two-torsion is dense in the interval 0 π
, and similarly for threetorsion. We will also show that there is at most one copy of either 2 or 3 in    . Finally, we will give some examples of higher-order torsion elements in H  .
Two-Torsion

Three-Torsion
Our result for three-torsion follows the same general spirit as that for two-torsion, but is significantly harder. We first prove the easy result that H  contains at most one copy of 3 ; this proof will help set the stage for the proof of our main theorem. Our results on two-torsion and three-torsion are similar in flavor, but the theorem on two-torsion is simpler and significantly easier to prove, so we will start there. The cubic criterion gives easy answers to two questions: First, given a specified  , we can ask whether ging this into the second scaling equation, we get ac = ab, so b = c. Plugging this into the first scaling equation, we get , contradicting the fact that a and b are both integers. This proves our claim, so we may cancel the factor of 2 2 a b  H  has three-torsion. Assuming that  is pythagorean, we can use the Rational Root Theorem to check quickly whether the cubic above has a rational solution between 0 and 1. If it does, the proof below will give a constructive algorithm to produce a triangle  of order three. . Therefore, to find angles whose groups have three-torsion, we can take any rational 1/2 ≤ x ≤ 1 and then find the corresponding  . 
Conclusions and Further Questions
We have seen that although 2) For any n for which this is true, how can we characterize the  for which H  has n-torsion?
3) Is the set of such  dense in   0, π ? (Note that in all the examples of higher order torsion above, we had π 2
 
). 4) Is it possible for H  to contain more than one copy of ? n 
